Overdamped Brownian motion of a self-propelled particle is studied by solving the Langevin equation analytically. On top of translational and rotational diffusion, in the context of the presented model, the "active" particle is driven along its internal orientation axis. We calculate the first four moments of the probability distribution function for displacements as a function of time for a spherical particle with isotropic translational diffusion as well as for an anisotropic ellipsoidal particle. In both cases the translational and rotational motion is either unconfined or confined to one or two dimensions. A significant non-Gaussian behavior at finite times t is signalled by a nonvanishing kurtosis γ(t). To delimit the super-diffusive regime, which occurs at intermediate times, two time scales are identified. For certain model situations a characteristic t 3 behavior of the mean square displacement is observed. Comparing the dynamics of real and artificial microswimmers like bacteria or catalytically driven Janus particles to our analytical expressions reveals whether their motion is Brownian or not.
I. INTRODUCTION
There are numerous realizations of self-propelled particles [1, 2] in nature ranging from bacteria [3] [4] [5] [6] [7] [8] [9] [10] and spermatozoa [11] [12] [13] to artificial colloidal microswimmers. The latter are either catalytically driven [14] [15] [16] [17] [18] [19] or navigated by external magnetic fields [20] [21] [22] , but also biomimetic propulsion mechanisms can be exploited [23] . On the macroscopic scale, vibrated polar granular rods [24] [25] [26] and even pedestrians [27] provide more examples of "active" particles [28, 29] . A suitable framework for theoretical modeling of self-propellers is provided by the traditional Langevin theory of an anisotropic particle with translational and orientational diffusion including an effective internal force [30, 31] in the overdamped Brownian dynamics [32, 33] . The direction of the theoretically assumed internal propulsion force (corresponding to an imposed mean propagation speed) fluctuates according to rotational Brownian motion [34] [35] [36] . It is a challenging question whether real self-propelled particles can at least in a rough way be covered according to this simple Brownian picture. While for "passive" ellipsoidal particles a comparison revealed very good agreement with the picture of Brownian dynamics [37] [38] [39] , this has never been undertaken for selfpropellers. Any deviations point to the relevance of hydrodynamic interactions, non-Gaussian noise, or fluctuating internal forces which are beyond simple Brownian motion.
Despite its simplicity, the Brownian motion of anisotropic particles [40] [41] [42] has only been considered in the absence of internal driving forces either in the * bhagen@thphy.uni-duesseldorf.de † hlowen@thphy.uni-duesseldorf.de bulk [37, 43] or in an external force field derivable from a potential [44] . For "passive" rodlike particles the Smoluchowski-Perrin equation [34, 45] has been solved exactly in two [46] as well as in three [47] dimensions. With regard to self-propellers, so far analytical results are only available if the orientation vector is confined to two dimensions. For rodlike particles [48, 49] the first two [32] , and for spherical particles the first four [50] moments of the probability distribution function for displacements were calculated. In this paper, we close the remaining gaps by presenting a comprehensive model and calculating the first four moments of the displacement distribution function for all relevant situations. First, we provide analytical results for an anisotropic self-propelled Brownian particle in two dimensions. Furthermore, both the situations of an isotropic and of an anisotropic particle are extended to the full three-dimensional case where the orientation vector is unconfined.
Studying the mean square displacement reveals a super-diffusive regime at intermediate times, which is characterized by a t 2 time dependence for most cases and beyond that by a t 3 behavior for some special cases. Moreover, two time scales that delimit the super-diffusive regime are identified. These can be extracted from the results for the mean square displacement or from the normalized fourth cumulant (kurtosis) γ(t) of the probability distribution function for displacements, which measures the non-Gaussian behavior as a function of time t. For small and very large times, the kurtosis vanishes indicating Gaussian behavior, but due to both particle anisotropy and self-propulsion, γ(t) is non-vanishing for intermediate times. While Han and coworkers [37] found the kurtosis of "passive" particles to be positive for t > 0 with a simple maximum at finite time [37] , here we find that a propulsive force tends to make the kurtosis negative. There is a rich structure in γ(t) revealing different non-Gaussian behavior at different time scales. Quite generally, the propelling force induces a negative massive long-time tail in γ(t) which tends to zero as 1/t. This prediction can in principle be verified in experiments on self-propelled particles.
The paper is organized as follows: In Sec. II we present and motivate the various model situations that are considered in Secs. III to VI of this paper. In each case the first four displacement moments are calculated analytically and the results are analysed based on appropriate figures. Finally, we conclude and give an outlook on further expansion of our model in Sec. VII.
II. REMARKS ABOUT THE VARIOUS MODEL SITUATIONS
In this section, we give an overview of the situations to which the model is applied in this paper (see also Fig. 1 ). In general, the model consists of an isotropic or anisotropic self-propelled particle which undergoes completely overdamped Brownian motion. To describe the propulsion mechanism on average, we theoretically assume an effective internal force F = Fû that is included in the Langevin equation. The orientation vectorû is introduced to specify the direction of the self-propulsion. Depending on the number of translational degrees of freedom, in some of the cases to be covered this force is projected either onto a linear channel or onto a twodimensional plane. To characterize the different situations depending on the number of degrees of freedom of the particle, we introduce the following notation: The (D, d, σ)-model refers to the situation with D translational degrees of freedom and d orientational degrees of freedom. The possible values for these parameters are D ∈ {1, 2, 3} and d ∈ {1, 2}. The parameter σ ∈ {s, e} refers to the shape of the particle. While σ = s relates to a spherical particle, for an ellipsoidal particle σ = e is used. When no specific value is given for one of these parameters, we refer to the group of models with an arbitrary value for that parameter.
We will first refer to the (D, 1, s)-model, which is depicted in Fig. 1(a) (theoretical investigation in Sec. III). This system consists of a self-propelled spherical particle whose rotational motion is constrained to a twodimensional plane. To study the behavior of the particle, we first refer to the one-dimensional translation in x-direction (Secs. III A to III C). In experiment, this situation can be achieved by confining swimmers by means of external optical fields [51, 52] , for example. After investigating this (1, 1, s)-model the results can easily be transferred to the two-dimensional case ((2, 1, s)-model), which is done in Sec. III D. This model situation is especially useful to describe the motion of a self-propelled particle on a substrate.
As the assumption of spherical particles is not justifiable in many experimental situations, the model is generalized to ellipsoidal particles (see Fig. 1(b) ) in Sec. IV by investigating the (D, 1, e)-model. The more complicated coupling between rotational and translational motion as opposed to spherical particles leads to qualitatively different results.
Besides particles moving on a substrate with one orientational degree of freedom, we study freely rotating self-propelled particles. Here, the case of free translational motion in the bulk ((3, 2, σ)-model) is interesting as well as situations in which the translation of the particle is constrained either to a linear channel ((1, 2, σ)-model) or to a two-dimensional plane ((2, 2, σ)-model). Again, a spherical particle (see Fig. 1(c) ) is discussed first (Sec. V), before the most general case of a freely rotating ellipsoidal particle (see Fig. 1(d) ) is considered in Sec. VI.
III. SPHERICAL PARTICLE WITH ONE ORIENTATIONAL DEGREE OF FREEDOM
This section contains the theoretical considerations concerning the situation in Fig. 1(a) ((D, 1, s) -model). Although a spherical object is regarded here, one has to consider that a certain direction is specified through the theoretically assumed driving force F = Fû. The twodimensional motion of the self-propelled particle can be described by the coordinates x and y of the center of mass position vector r(t) = (x, y) and the angle φ betweenê x andû = (cos φ, sin φ). Thus, the basic Langevin equations are given by
Here, f (t) and g(t) are the Gaussian white noise random force and torque, respectively. They are characterized by
, where the indices i and j refer to the respective components, δ ij is the Kronecker delta, and . . . denotes a noise average. U (r) is an external potential. The prefactors in Eqs. (1) and (2) consist of the inverse effective thermal energy β = (k B T ) −1 on the one hand and the translational and rotational short-time diffusion constants D t and D r on the other. In the case of a spherical particle with radius R these two quantities fulfill the relation
2 /3, which is used in the following analytical expressions for the displacement moments. The Langevin equation (2) can easily be derived from the more general vector equation (dû)/(dt) = βD r g(t) ×û.
As φ is a linear combination of Gaussian variables according to Eq. (2), the respective probability distribution function has to be Gaussian as well and proves to be
where φ 0 ≡ φ(t = 0) is the initial angle. For the theoretical analysis, the two-dimensional motion in the xy-plane can be split up into its components in x-and y-direction, respectively. In the following subsections, we first refer to the x-component of Eq. (1). As some calculations for the (1, 1, s)-model have already been presented in [50] in more detail, we only summarize the most important results and briefly refer to systems with additional linear or quadratic potentials after that.
Integrating the averaged Eq. (1) for U = 0 over time and considering only the x-component yields
and
for the mean position and the mean square displacement.
As usual the skewness S and the kurtosis γ are defined as
respectively. A non-Gaussian behavior is manifested in non-zero values for S and γ. Using the notation F * s = βRF for spherical particles and a scaled time τ = D r t, the third and fourth moments are given by the analytical results . 
FIG. 3. (Color online)
Mean square displacement of a spherical particle with effective force F * s = 100 for different values of φ0. The regime of super-diffusive motion is defined by the time scales t1 and t2. While t2 is independent of the initial angle φ0, the time scale t1 is the bigger the more the initial orientation of the particle deviates from the x-direction.
In the case of large forces βRF ≫ 1, the particle motion (see Figs. 2 and 3) is separated into three qualitatively different time regimes, two diffusive regimes at short and at large times, and a super-diffusive regime at intermediate times, which is characterized by a t 2 or a t 3 behavior of the mean square displacement, depending on the initial particle orientation. These regimes are separated by the two time scales t 1 and t 2 , respectively: At early times t ≪ t 1 , the particle undergoes simple translational Brownian motion, which is governed by the short time translational diffusion term (8/3)R 2 D r t in Eq. (5). As seen in Figs. 2 and 3 the mean square displacement displays a crossover to an intermediate super-diffusive regime at a time scale t 1 , which, in turn, depends on the initial orientation φ 0 and the effective force F * s = βRF . In particular,
(10) If the initial orientation has a sufficiently large component parallel to the x-axis, i.e., if | cos(φ 0 )| > 1/ √ βRF , the mean square displacement displays a crossover to a ballistic regime, which is governed by a scaling relation (
The crossover is observed the earlier the larger the inital force component | cos(φ 0 )|βRF parallel to the x-axis. On the contrary, if the initial particle orientation points along or almost along the y-axis at t = 0, i.e., | cos(φ 0 )| < 1/ √ βRF , the crossover time t 1 is substantially larger. In the latter case t 1 is the time it takes the particle to undergo an angular displacement by rotational diffusion, such that the projected force onto the x-axis becomes as large as demanded in the former case. Only then does the force bring about a lateral displacement that is compatible or larger than the displacements due to original translational Brownian motion. Due to this multiplicative coupling of a diffusive and a ballistic behavior for the angular and the translational displacements, respectively, the mean square displacement shows a super-ballistic power-law behavior for
The intermediate regime is terminated by free rotational Brownian motion at the second time scale t 2 = D −1 r , beyond which the particle motion is diffusive again. As already reported in Ref. [50] , the long-time translational diffusion constant is given by
As can be seen in Fig. 4 , the beginning of the superdiffusive regime also shows up in the kurtosis. Here, the deviation from zero clearly indicates the crossover to nonGaussian behavior. Interestingly, the kurtosis features a pronounced long-time tail. Therefore, the behavior of the particle is still non-Gaussian when its motion is (nearly) diffusive again. Analysing the analytical result for the kurtosis gives the leading long-time behavior as
As the amplitude vanishes for F * s = 0, this negative 1/t long-time tail in γ(t) proves to be characteristic for selfpropelled particles.
The previous calculation of the displacement moments can also be done for systems in which the self-propelled Brownian particle is exposed to x-dependent linear or quadratic potentials. This is illustrated in the following. The Langevin equations in this case are obtained from Eqs. (1) and (2) by simply inserting a linear potential of the form U (x) = mgx into the first component of Eq. (1). Thus, the motion of a particle that is exposed to gravity is described by the moments
While the first moment (Eq. (13)) is a simple superposition of the terms due to the self-propulsion of the particle and the external force, respectively, the mean square displacement (Eq. (14)) has an additional term which depends on both of these forces. 2 is determined by the parameter λ = (4/3)βkR 2 . The dimensionless quantity c = x0/R is the distance between the initial position of the particle and the position of minimal potential given in units of particle radius R.
FIG. 6. (Color online)
Mean square displacement of a spherical particle that is exposed to an external square potential. The plots refer to the same parameters as the plots in Fig. 5 .
Based on the Langevin equations (1) and (2) one also obtains analytical results for the harmonic oscillator or square potential U (x) = (1/2)kx 2 . Using the dimensionless parameter λ = (4/3)βkR 2 , which determines the strength of the square potential, the mean position is given by
and the mean square displacement is calculated as Figure 5 shows that the mean position of the particle reaches the position of the minimal potential and stays there. Due to the square potential, the mean square displacement (see Fig. 6 ) does not diverge as in the cases that have been regarded up to this point.
In this section we briefly want to present the results for the (2, 1, s)-model. As the one-dimensional case with the theoretically assumed internal force projected onto the x-axis was already considered in the preceding subsections, the analytical expressions for the first and second moments based on the two-dimensional Langevin equation (1) are given by superposition of the motion in xand y-direction. Thus, using Eqs. (4) and (5) one obtains the vectorial mean position
and the mean square displacement
As expected, the φ 0 -dependence vanishes in Eq. (18) due to the free translational motion in the two-dimensional plane. Furthermore, the diffusive term given by the first summand in Eq. (18) is naturally twice as big as in Eq. (5).
IV. ELLIPSOIDAL PARTICLE WITH ONE ORIENTATIONAL DEGREE OF FREEDOM
We now generalize the previous considerations to ellipsoidal particles. To cover the situation depicted in Fig. 1(b) we have to take into account that, as opposed to the case of spherical particles, the translational diffusion coefficient is anisotropic, which means that the diffusion tensor
has to be applied. Here, I is the 2 × 2 unit matrix, u = (cos φ, sin φ) is the orientation vector, ⊗ a dyadic product, and D a and D b , respectively, indicate the diffusion coefficients for translation in the direction of the two semi-axes of the ellipsoid. The index a stands for the semi-major axis, while b marks the semi-minor axis. Using the diffusion tensor (Eq. (19)), the Langevin equation for the center of mass position of the particle can be written in the form
Due to the anisotropy of the diffusion coefficient we cannot include the Gaussian white noise random force exactly in the same way as in Eq. (1). Instead of that, we use the zero mean random noise source w(t). The variances of the components i, j ∈ {x, y} are given by
Thus, w i (t) are Gaussian random variables at fixed φ(t). This follows the procedure presented in Ref. [37] for "passive" ellipsoidal particles. 
The Langevin equation for the angle φ, which is needed in addition to Eq. (21), does not differ from Eq. (2). For the following calculations, it is convenient to write the diffusion tensor (Eq. (19)) as
where D = 1/2(D a + D b ) marks the mean diffusion coefficient and ∆D the difference D a − D b between the diffusion coefficients along the long and short axes of the ellipsoid.
The mean position of an ellipsoidal particle is given by the first component of Eq. (24) . For the mean square displacement one obtains the relation
For an isotropic particle with ∆D = 0 Eq. (23) reduces to the result for a spherical particle in one dimension (Eq. (5)), as expected. For an anisotropic particle the additional (second) term in Eq. (23) yields a φ 0 -dependence at very early times, in the regime of bare translational diffusion, which is not present in the case of an isotropic particle (see the discussion in Sec. III A). This additional term represents the relative orientation of the initial direction of the long axis of the ellipsoidal particle and the direction of the linear channel. The φ 0 -dependence can also be seen in Fig. 7 , where the strength of the driving force is determined by the parameter F * e = βF 0 D a /D r for ellipsoidal particles.
The analytical results for the third and fourth moments, which are needed to calculate skewness and kurtosis, are more complicated and, therefore, given in the appendix in Eqs. (A.1) and (A.2), respectively.
B. The (2, 1, e)-model
Again, we provide the analytical results for the case with two-dimensional translation as well. For an ellipsoidal particle, one obtains the expressions
for the first moment and
(25) for the mean square displacement, respectively. As in the mean square displacement of a spherical particle (Eq. (18)), the φ 0 -dependence also vanishes in Eq. (25) . Furthermore, the contribution to the diffusive motion due to the initial orientation of the particle disappears for two-dimensional translation so that the diffusive motion is simply reflected by the term 4Dt in Eq. (25) .
FIG. 7. (Color online)
Mean square displacement of an ellipsoidal particle with one orientational degree of freedom and anisotropy ∆D/Da = 0.8. Plots are shown for a) a selfpropelled particle with F * e = βF0 Da/Dr = 100 and b) a "passive" particle with vanishing effective force. The solid lines refer to a parallel and the dashed lines to a perpendicular initial orientation.
V. FREELY ROTATING SPHERICAL PARTICLE
Up to now, particles with only one orientational degree of freedom have been examined. In this section we transfer our model to particles whose orientation is freely diffusing on the unit sphere. Considering a spherical particle this situation is shown in Fig. 1(c) . In the Cartesian lab frame the particle orientationû = (sin θ cos ϕ, sin θ sin ϕ, cos θ) is now given in terms of the two orientation angles θ and ϕ. Using the updated orientation vector the Langevin equation for the center of mass position is identical to Eq. (1) if the third component of all vectorial quantities is considered additionally.
The orientational probability distribution for the freely diffusing orientation vector [45] is given by To eliminate the ϕ-dependence in the equation of motion, we choose the z-axis to point in the direction of the linear channel, which we consider first. Moreover, we omit external potentials in the following. By calculating 
cos(θ) via Eq. (26) the first moment is obtained as
The mean position in the (1, 2, s)-model is very similar to the same in the (1, 1, s)-model (see Eq. 4). Here, the azimuthal angle θ takes the role of the angle φ in the (1, 1, s)-model. In particular, the two results agree up to linear order in time t, whereas they deviate for longer times due to the enhanced probability of the sphere with full orientational freedom to assume a configuration with an orientation pointing in the direction of the equator. This, in turn, on average causes a smaller force component along the z-axis and a smaller plateau-value of the excursion lim t→∞ z(t) − z(0) , which is illustrated in Fig. 8 .
Using Eq. (26) and, thus, the fact that every function that depends exclusively on θ and ϕ can be expanded as a linear combination of spherical harmonics, we also obtain the analytical result for the mean square displacement, which is given by
Comparing Eqs. (28) and (5) (as shown in Fig. 9 ) it turns out that also the mean square displacements of the spheres with two or one orientational degree of freedom in a linear channel are almost identical. In particular, their functional forms are the same up to second or third order in time t, for the cases of a parallel (φ 0 = θ 0 ≈ 0) or a perpendicular (φ 0 = θ 0 ≈ π/2) initial configuration, respectively. Therefore, the crossover time scale from the diffusive to the super-diffusive regime t 1 is exactly the same as in the (1, 1, s)-model and given by Eq. (10). The second time scale from the super-diffusive to the diffusive regime is in the (1, 2, s)-model given by t 2 = (2D r ) −1 and therefore half as large as in the (1, 1, s)-model. Concomitantly, the long-time diffusion constant is smaller as compared to Eq. (11) and given by
As for the long-time limits of the mean positions, the difference to Eq. (11) reflects the fact that the freely oriented sphere is more likely oriented perpendicular to the channel axis than the sphere that is confined to rotate in the plane. The non-Gaussian behavior of the self-propelled particle with free orientation on the unit sphere is embodied in the third moment + 211680 τ cos(2 θ)e −2 τ + 235200 τ cos(2 θ) + 2100 cos(4 θ)e −6 τ − 12800 cos(2 θ)e −6 τ . (31) The curves for the skewness (see Fig. 10 ) and the kurtosis (see Fig. 11 ) of the probability distribution function Ψ(x, t) for the (1, 2, s)-model are obtained by shrinking their counterparts for the (1, 1, s)-model in x-direction as well as in the direction of the t-axis. This is very similar to the findings concerning the mean position of the particle (see Fig. 8 ). The extrema of skewness and kurtosis and the change of sign of the kurtosis, that is observed for non-perpendicular initial configurations, already occur at smaller times. Obviously, the existence of the negative 1/t long-time tail in γ(t) (see Sec. III A) is not affected by the number of orientational degrees of freedom of the particle.
B. The (2, 2, s)-model
For more than one translational degree of freedom, if the particle motion takes place in the xy-plane, the first and second moments are given by
and respectively. As before, the results for the mean position and the mean square displacement are almost identical with respect to their lower-dimensional counterparts. Beside the change from a cosine to a sine in the last part of Eq. (33), which is due to the change of accessible dimensions, the only difference of the mean square displacements in the (2, 2, s)-and in the (1, 2, s)-model consists in an additional factor of 2 for all terms that do not depend on θ 0 .
FIG. 11. (Color online)
Comparison of the kurtosis γ(t) of Ψ(x, t) for a spherical particle with one and with two orientational degrees of freedom. See also the remarks in the caption of Fig. 10 .
The (3, 2, s)-model is the most general situation concerning a spherical particle. In this case, the mean position of the particle is obtained by adding the zcomponent (Eq. (27)) to Eq. (32). The mean square displacement is given by
The simplicity of Eq. (34) can be explained by the fact that no dependence on the initial orientation can appear due to the completely free motion [53] .
VI. FREELY ROTATING ELLIPSOIDAL PARTICLE
To complete our examination of the different model situations, we now consider a freely rotating self-propelled ellipsoidal particle as sketched in Fig. 1(d) . The (D, 2, e)-models, where D ∈ {1, 2, 3} is the number of translational degrees of freedom, are based on the Langevin equation (20) . To transfer this two-dimensional equation to the three-dimensional case regarded here, the orientation vectorû = (sin θ cos ϕ, sin θ sin ϕ, cos θ) is used and the third component is added to all vectorial quantities. The explicit form of the diffusion tensor D t is given by Eq. (19) by means of the updated orientation vector.
A. The (1, 2, e)-model As in the previous sections, we begin by considering the case of one-dimensional translational motion without external potentials, i.e., with the (1, 2, e)-model. Using the ansatz based on spherical harmonics according to Eq. (26) for an ellipsoidal particle leads to the analytical results
for the mean position and
for the mean square displacement, respectively. Corresponding expressions for the third and fourth moments and, thus, for skewness and kurtosis were calculated as well. As these are quite lengthy, they are given in the appendix in Eqs. (A.3) and (A.4), respectively, but are presented graphically in Figs. 12 and 13. Different regimes of non-Gaussian behavior are manifested by different signs of the kurtosis. For "passive" particles with vanishing internal effecitve force F * e = 0 (solid line in Fig. 13 ) no change of sign is observed. The kurtosis is positive and a simple maximum occurs at t ≈ t 2 = (2D r ) −1 . These findings correspond to the results for "passive" ellipsoidal particles in two dimensions that were studied in Ref. [37] . In contrast to simple non-Gaussian behaviour, the situation turns out to be much more complex if self-propelled particles are considered. If the self-propulsion outweighs the effect of the kicks of the solvent particles (dashed line and dotted line in Fig. 13 ), several maxima, minima, and changes of sign induce a rich structure in γ(t) indicating different non-Gaussian behavior at different time scales. The characteristic 1/t long-time tail observed for spherical particles is also found for ellipsoidal self-propelled particles. The skewness S(t) (see Fig. 12 ), which is a measure of the asymmetry of the probability distribution, reveals a higher degree of complexity as well. While S(t) is zero for "passive" particles (solid line in Fig. 12 ), this parameter also shows a much richer structure if selfpropelled particles are regarded. By simply combining the results for one-dimensional translation in x-and in y-direction, for the (2, 2, e)-model we obtain the expressions
for the mean square displacement.
In a last step, we now add the third translational degree of freedom. Hence, in this subsection we consider the most general case with free translational and rotational motion of an ellipsoidal self-propelled particle. By adding the third component (Eq. (35)) to Eq. (37) we obtain the result for the mean position. The analytical expression for the mean square displacement is simply given by
To explain the simplicity of this result we want to point to the short discussion after Eq. (34).
VII. CONCLUSION
In conclusion, we have analytically solved the Brownian dynamics of an anisotropic self-propelled particle in different geometries by presenting explicit results for the first four moments of the probability distribution function for displacements. The particle is driven along an axis which itself fluctuates according to rotational Brownian dynamics. After a transient regime which is characterized by two distinct time scales, there is diffusive behavior for long times. The results for the long-time diffusion constants D L for the different groups of model situations are given in Table I . For intermediate times, nonGaussian behavior is revealed by a non-vanishing kurtosis in the particle displacement which decays as 1/t for long times t. For special initial conditions (nearly perpendicular initial orientation and large effective forces), we find a superdiffusive transient regime where the mean square displacement scales with an exponent 3 in time. The analytical results can be used to compare with experimental systems of, e.g., swimming bacteria or self-propelled colloidal particles. Any deviations point to the importance of hydrodynamic interactions with the substrate and with neighbouring particles at finite density. It would be interesting to generalize the analysis towards various situations. First of all, hydrodynamic interactions were neglected in our studies. While this is justified in the bulk, hydrodynamic interactions become important at finite densities [54] and may significantly influence the distribution of the mean square displacements [55] . If the particle is moving close to a substrate and the substrate is hydrodynamically not flat, then hydrodynamic interactions play a significant role, too [56] . Second, it would be interesting to include an additional torque in the Langevin equations of motion. This leads to circular motion in two dimensions [32] while for three spatial dimensions helical motion is expected as also suggested by a slightly different model presented in Ref. [57] . Next, a non-Gaussian noise [58] in the Langevin equations might be relevant for modeling real swimming objects [13, 57] . Furthermore, the actual propulsion mechanism was modelled just by an effective force. A consideration of more details about the actual propulsion mechanism might be necessary to analyse short-time dynamics in more depth. In addition to that, the model migth be transferred to more complicated geometries [59] such as ratchets [9, 60, 61] , for example. Finally, the collective dynamics [62] [63] [64] of many swimmers will lead to further effects like swarming, swirling and jamming. While at high densities hydrodynamic interactions are expected to play a minor role, the direct particle-particle interactions get relevant and should be incorporated in theory [65] and simulation [66] .
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Appendix: Further analytical results
In the following, we summarize the analytical results for the third and fourth moments of an ellipsoidal particle. For reasons of clarity, we use the notation F * e = βF 0 D a /D r , the ratio δ = ∆D/D a and the scaled time τ = D r t. For the (1, 1, e)-model the third moment is given by 
